The author argues convincingly in his paper [1] that plane angle should be recognized as a dimensional quantity and that the radian should be made explicit in order to distinguish between the value of the physical quantity angle and its numerical value when expressed in radians. There is welldocumented widespread confusion about the radian [2] [3] [4] [5] [6] [7] because of the way 'angle' is currently represented in the International System of Units (SI). For example, if θ refers to a real physical angle (with an independent dimension, angle), the quantity called 'angle' in the SI is actually its (dimensionless) numerical value when θ is expressed in radians, i.e. {θ} rad = θ/rad, which can also be interpreted as the number of radians in the angle θ. Confusingly, this numerical value is conventionally represented by the same symbol as the angle: 'θ'. Even more confusingly, the 'radian' as defined by the SI is actually the number of radians in one radian-which, of course, is 1. A similar problem with terminology and notation exists with the SI's treatment of angular velocity, ω = dθ/dt, and higher time derivatives.
Introduction
The author argues convincingly in his paper [1] that plane angle should be recognized as a dimensional quantity and that the radian should be made explicit in order to distinguish between the value of the physical quantity angle and its numerical value when expressed in radians. There is welldocumented widespread confusion about the radian [2] [3] [4] [5] [6] [7] because of the way 'angle' is currently represented in the International System of Units (SI). For example, if θ refers to a real physical angle (with an independent dimension, angle), the quantity called 'angle' in the SI is actually its (dimensionless) numerical value when θ is expressed in radians, i.e. {θ} rad = θ/rad, which can also be interpreted as the number of radians in the angle θ. Confusingly, this numerical value is conventionally represented by the same symbol as the angle: 'θ'. Even more confusingly, the 'radian' as defined by the SI is actually the number of radians in one radian-which, of course, is 1. A similar problem with terminology and notation exists with the SI's treatment of angular velocity, ω = dθ/dt, and higher time derivatives.
Since the main problem stems from inadequate terminology and notation distinguishing (dimensional) quantity values from their (dimensionless) numerical values when radians are involved, I will use the following clarifying conventions here.
Metrologia
Comment on 'On the units radian and cycle for the quantity plane angle' (i) Plane angle in Euclidean space is recognized as being a bona fide physical quantity, with dimension angle, symbol A, independent of all other physical dimensions. (ii) Variable names and symbols such as angle, θ, and angular velocity, ω, used here refer to the dimensional physical values (dimensions A and A T / , respectively). (iii) Unit names and symbols for angle (such as radian, rad, revolution, rev, and degree, deg) refer to dimensional units, with the radian considered to be the base unit. Thus: rev = 2π rad and deg = π/180 rad (each with dimension A). (iv) Names for quantities involving angle as used in the SI are given in quotations, and symbols by an attached asterisk: 'angle', θ * = θ/rad, 'angular' velocity, ω * = ω/rad, etci.e. the appearance of the asterisk means 'divided by one radian'. So, for example, the symbol ϑ used by Mills, following Emerson [4] , is represented here by θ * . (v) Symbols for (dimensionless) 'angle' units used in the SI will also carry the asterisk. Thus the SI 'radian' is represented here by rad * = (1 rad)/rad ≡ 1; the SI 'revolution' would be given by rev * = (1 rev)/rad = 2π; and the SI degree would be deg
In attempting to clarify the SI's treatment of angle, Mills discusses the harmonic oscillator and related uniform rotation (in particular, the relationship between angular velocity, ω, and cycle frequency, ν), and also the relationship between the Planck constant, h, and the reduced Planck constant, ħ. Mills correctly points out that, for the harmonic oscillator, the expression 'sin(ωt)'-which means sin(ω * t) according to item (iv), above-should be written explicitly as sin(ωt/rad). However, his claim that the expression sin(2πνt)-where ν is the cycle frequency, i.e. the number of cycles divided by the elapsed time, with dimension 1 T / -should be replaced by sin(2πνt/cyl), where cyl is a symbol for 'cycle', defined by Mills to be an alternative name for revolution (dimension A), is shown to be incorrect, as explained in section 3, below.
This error corrupts the remainder of Mills's paper. If the frequency, ν, represents (number of revolutions)/(elapsed time), dimension 1 T / , the author's claim that the well-known equation 'ω = 2πν' actually means that { } ω
and therefore that 'ω' and 'ν' are just different symbols for the same physical quantity, angular velocity (dimension A T / ), is false. As shown in the next section, the correct relationship between ω and ν is (for positive ω) given by: ω = rev ν-which is equivalent to ω * = ω/rad = rev * ν, i.e. ω * = 2πν. The latter (but without the asterisk) is the SI notation that appears ubiquitously in the literature. Similarly, the well-known relationship, 'E = hν = ħω', involving the Planck constant, h, and the reduced Planck constant, ħ, is supposed to be understood to mean hν = ħω * = ħω/rad. With the correct relationship between ν and ω, this means that ħ = h/(2π), as universally reported in the literature. The claim by Mills that 'ħ = h' is thus incorrect for two separate reasons, as explained in more detail in section 4.
In the next section, I review some pertinent terminology for uniform rotational motion. In later sections, I then point out and correct the errors in Mills's discussion of the harmonic oscillator and the Planck constant.
Terminology for uniform rotational motion
Consider a wheel rotating uniformly at 600 revolutions per minute, i.e. 10 revolutions per second. The angular velocity (dimension A T / ) in terms of revolutions per second is:
or, since one revolution is 2π radians, in terms of radians per second, we can write:
In almost every textbook and online tutorial on the subject, we will find the relationship between f and ω to be written as:
which is seen to be obviously incorrect by substituting f from equation (1) into equation (3) and comparing with equation (2). What equation (3) is supposed to be understood to mean is a relationship between numerical values, { } ω
), which means that ω = f-i.e. ω and f are two different symbols for the same physical quantity: the angular velocity of the wheel. This confusion of notation in equation (3)-where symbols for the values of quantities are misused to represent the numerical values of the quantities expressed in different units-is clearly explained in the important paper by Brownstein [3] .
Clarifying this confusion of terminology and notation also appears to be the main factor motivating the article by Mills. However, the author confuses angular velocity expressed in revolutions per second, f, with the revolution frequency, ν rev , correctly defined as the number of revolutions, N rev , divided by the elapsed time, t-as explicitly stated by Mills himself in his Note 2 to table 1 [1] . In the above example, the angular velocity is f = 10 rev s −1 (dimension A T / ). In an elapsed time of one second, the wheel has made ten revolutions; the (dimensionless) number of revolutions is therefore N rev = 10-not 10 revolutions or 10 'cycles'. So the revolution frequency is ν rev = N rev /t = 10/(1 s) = 10 s −1 = 10 (1 s
, where one hertz is defined to be one per second for periodic events. Mills takes the unit for the (dimensionless) number of revolutions to be one 'cycle', symbol cyl-instead of the correct unit (for any number): one. And, since 'cycle' is defined by Mills to be another name for revolution, he would take the 'number of revolutions' to be 10 cyl = 10 rev, i.e. the angular displacement (dimension A). The 'frequency' in this example would therefore be miscalculated by Mills to be 'ν' = (10 cyl)/(1 s) = 10 cyl s −1 = 10 rev s −1 = f, which, as shown above, is equal to ω (dimension A T / ). This incorrect result is written as 'ω = ν' in equation (15) in [1] .
In general, for a rigid body such as a wheel rotating at a constant angular velocity ω, the angular displacement, θ (dimension A), is given by θ = ωt. Note that there is nothing inherently 'periodic' about this-ω is a (positive or negative) dimensional constant and θ is a linear function of time, t. However, if we imagined a small flexible tab attached to the rim of the wheel that makes a clicking sound when passing a rigid tab fixed on the surroundings, the 'click' frequency, ν click , defined as the number of clicks, N click , occurring in a specified elapsed time divided by that elapsed time, t, would be ν click = N click /t, with dimension 1 T / . Since N click is the same as the (magnitude of the) number of revolutions, |N rev |, in time t, we have N click = |N rev | = |θ|/rev. And the revolution frequency, ν rev , is therefore ν rev = |N rev |/t = (|θ|/rev)/t = (|θ|/t)/rev = |ω|/rev-i.e. the revolution frequency is equal to the (magnitude of the) angular velocity divided by one revolution:
Note the dimensional consistency: 1 T A T A = / ( / ) / . For positive ω, this would become ν rev = (ω/rad)/(rev/rad) = ω * / (2π), conventionally written as 'ν = ω/(2π)', where ν, usually just called 'the frequency', is understood to be the revolution frequency and ω (i.e. without the asterisk) is supposed to be understood as representing ω/rad = dθ * /dt, the time rate of change of the number of radians passing a fixed point-but confusingly called 'angular velocity'.
Since an unlimited number of angular frequencies can be defined with respect to a rotating body, it is clearly necessary to label which frequency is under consideration. For example, for positive ω, four equally spaced tabs would result in the 'right-angle' frequency, ν ⊥ -i.e. the number of right angles in θ, N ⊥ = θ/(π/2 rad), passing a fixed point divided by the elapsed time. This would be ν ⊥ = N ⊥ /t = [θ/(π/2 rad)]/t = (θ/t)/(π/2 rad) = ω/(π/2 rad), and this is seen to be four times the revolution frequency. Clearly, for any specified angle, ang, the corresponding specified-angle frequency would be ν ang = ω/ang. In particular, the radian frequency is:
-i.e. the radian frequency, the time rate of change of the number of radians passing a fixed point, is the same as the SI 'angular' velocity (conventionally written as ω, without the asterisk). Note that the radian frequency is 2π times the revolution frequency, consistent with equation (4).
The harmonic oscillator
Since the harmonic oscillator fundamentally involves the sine (or cosine) function, we first consider the sine function written as y = sin(Φ), where Φ, a (dimensionless) number, is the phase of the sinusoid. Since a change in phase by any integer multiple of 2π always reproduces the same value of y-i.e. the sine is a 'cyclic' function-we can define the number of cycles, N cyc , in the phase Φ as:
(where, for a sinusoid, one cycle is the number 2π) and thus write y = sin(Φ) = sin(2πN cyc ). For any given numerical value of the phase of a sinusoid, Φ, there is an associated phase angle, φ, defined as follows. If φ is an acute angle (dimension A) in a right-angled triangle, the length-ratio, S OH (φ) = (opposite side) ÷ (hypotenuse), is equal to sin(Φ), if and only if φ = Φ rad-i.e. the length-ratio is given by:
This is easily proved geometrically-provided the correct relationship between a differential arc-length, ds, of a circular sector and the corresponding radius, r, and differential central angle, dφ, is used, namely: ds = rdφ/rad. This means that we can write the sine function as y = sin(Φ) = sin(2πN cyc ) = sin(φ/rad). Note that y can be considered to be the vertical coordinate of a point P on a 'reference unit circle' [3] whose polar coordinates are (1, φ) . The number of revolutions, N rev , in the phase angle φ is given by N rev = φ/rev = (φ/rad)/(rev/ rad) = Φ/(2π) = N cyc , from equation (6) . So now we have y = sin(Φ) = sin(2πN cyc ) = sin(φ/rad) = sin(2πN rev ). It should perhaps be stressed that a change in phase of one cycle (i.e. ΔΦ = 2π) corresponds to a change in phase angle of one revolution (Δφ = ΔΦ rad = 2π rad = 1 rev). It is unfortunate that in SI terminology, the phase 'angle' is φ * = φ/rad = Φ-i.e. confusingly, there is no clear distinction between phase and phase angle.
Harmonic motion results if Φ is a linearly increasing function of time, Φ = Ωt, where Ω is properly called the phase rate (dimension 1 T / ) [3] . We can also write φ = ωt, where ω (= Ω rad) is the angular velocity (dimension A T / ) of point P on the reference circle. We now have: 
where ν cyc is the cycle frequency and T cyc the cycle period of the sinusoid, and ν rev is the revolution frequency and T rev the revolution period of the rotating point P on the reference circle. The cycle frequency is the number of cycles in Φ divided by the elapsed time, ν cyc = N cyc /t = Ω/(2π)-with dimension 1 T / and coherent SI unit 1/s = Hz-and this is seen to be the same as the revolution frequency, the number of revolutions in φ divided by the elapsed time:
rev rad rev rad 2 rev r ev cyc (9) Similarly, the periods-with dimension T and SI base unit s-are the same, being the reciprocals of the respective frequencies.
In 'SI' notation we would have, for the sinusoid, y = sin(ω ). As we have seen, it actually should be called the radian frequency, ν rad = ω/rad, or, even more clearly, the phase rate, Ω, with the unit s , not Hz, so as to distinguish it from the cycle (or revolution) frequency, for which the appropriate unit is the hertz, correctly defined as Hz = 1 s −1 for periodic events. Now, after a lot of clarification of terminology, we are finally in a position to evaluate the analysis by Mills. It should be clear that his equation (8a), showing that 'sin(ωt)' should be replaced by sin(ωt/rad) = sin({ωt} rad ), is correct. However, in his equation (8b), Mills indicates that sin(2πνt)-where the argument is already dimensionless-should be replaced by sin(2πνt/cyl), where cyl = rev and the argument would then have the incorrect dimension of 1 A / . Equating the arguments, 'ωt/rad = 2πνt/rev = 2πνt/(2π rad) = νt/rad', would imply that 'ω = ν', i.e. that, as stated in [1] , 'ω and ν are simply two different symbols for the same quantity', angular velocity, dimension A T / . As explained above, this is inconsistent with the correct definition of frequency. Mills has misinterpreted revo lution frequency, (number of revolutions) divided by (elapsed time), dimension 1 T / , as (number of revolutions) × (one revo lution) divided by (elapsed time) = (angular displacement)/(elapsed time) = angular velocity, dimension A T / . In other words, he has confused ν rev = N rev /t with f = (N rev rev)/t = φ/t = ω. This error occurs because of Mills's contention that the number of cycles (in the case of the harmonic oscillator) or the number of revolutions (in the case of rotary motion), N-a (dimensionless) number-has the unit 'cycle', defined by Mills to be one revolution. The unit for ν = N/t then incorrectly appears to be 'cycle' per second = revolution per second.
Further, the supposed unit 'cyl s −1 ' (= one revolution per second) is proposed by Mills to be a redefinition of the hertz, which would become 'Hz = 2π rad s −1 ', a non-coherent derived unit-supposedly for angular velocity. The hertz, correctly defined as one per second for periodic events as the appropriate unit for frequency, Hz = 1 s −1 , was introduced in the 1930s by the International Electrotechnical Commission as a replacement for the ill-defined term 'cycle per second' precisely in order to avoid the kind of confusion discussed here. In the SI, it is included as a coherent derived unit with its special name and symbol. Unfortunately, the term 'cycles per second'-which the SI, in its current Brochure [8] , has confusingly stated is implied by the name hertz-is still used informally and is the source of much confusion.
The Planck constant
In the well-known quantum-mechanical relationship between energy, E, frequency, ν, and 'angular' velocity, 'ω':
where h is the Planck constant and ħ is the reduced Planck constant, it is generally accepted [9] that ħ and h are related by:
However, since Mills claims in his paper that 'ω = ν', direct substitution of this into equation (10) would result in:
-i.e. Mills concludes that ħ and h are simply two different symbols for the same dimensional constant. This is incorrect for two reasons. First of all, the 'ω' in equation (10) is the SI 'angular' velocity-i.e. ω * = ω/rad. So the correct energy relationship should be written explicitly as:
Secondly, the correct relationship between ν and ω is not 'ν = ω', but, from equation (4), for positive ω:
Substitution of this into equation (13) gives the conventional relationship given in equation (11). In other words, given the SI interpretation of 'ω' in equation (10) (i.e. 'ω' → ω * = ω/rad), the generally accepted relationship, ħ = h/(2π), is consistent with the correct form of the energy relationship, equation (13) . Note that if Mills were to be consistent with his analysis of the classical harmonic oscillator, in equation (10) he would (correctly) replace 'ω' by ω/rad and (incorrectly) replace ν by 'ν/cyl = ν/(2π rad)'. Then substituting (his incorrect equation) 'ω = ν' would result in the correct relationship between ħ and h given by equation (11).
Summary
As Mills points out in his paper, the well-known confusion surrounding the SI's treatment of angle and related quantities stems from a lack of clear terminology and notation distinguishing the value of the physical quantity angle, for example, θ, from its numerical value when it is expressed in radians: {θ} rad = θ/rad. Mills calls for recognizing plane angle as a base quantity and for explicitly introducing a dimensional constant equal to one radian wherever needed, as above, in order to clarify the notation. This constant would also be used as the base unit for plane angle. Adopting plane angle as a base quantity and introducing the dimensional constant rad explicitly-while also taking the radian to be the base unit for plane angle-would seem to offer several benefits for reducing the confusion caused by the SI's current interpretation of plane (and solid) angle and the radian (and steradian). However, in a recent paper, Quincey and Brown argue that 'this would be at the expense of a major upheaval in terms of basic mathematical and physical equations' that would not 'justify the benefits' [7] .
Mills also calls for introducing a new unit name, 'cycle', with the symbol 'cyl'-defined as an alternative name for one revolution. And he would further redefine the hertz as 'Hz = cyl s −1 = rev s −1 = 2π rad s −1 ', i.e. as a non-coherent derived unit for angular velocity. However, these recommendations are based on a fundamental misconception about frequency that detracts from the clarity of his proposal for handling the terminology for angle. By mistaking the unit for the (dimensionless) number of cycles, N, to be 'cycle' (i.e. rev)-with dimension A-Mills misinterprets cycle 'frequency' as 'ν = (N rev)/t', which is (angular displacement)/ (elapsed time), i.e. angular velocity, ω (dimension A T / ), to be expressed in 'cycles per second'. Similarly, Mills misinterprets the corresponding cycle 'period' as 'T = t/(N rev)', with dimension T A / , stating that the unit should be 'seconds per cycle'.
Clearly, Mills's major conclusion that 'ν = ω' is incorrect. This error corrupts his analysis of harmonic motion and his concepts of frequency and period, and, in particular, the relationship between the Planck constant, h, and the reduced Planck constant, ħ, where his claim that 'ħ = h', is shown here to be unfounded.
